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Abstract
Dual Pfaff equations (of the form D˜a = 0, D˜a some vector fields of
degree−1) preserved by the exceptional infinite-dimensional simple Lie
superalgebras ksle(5|10), vle(3|6) and mb(3|8) are constructed, yielding
an intrinsic geometric definition of these algebras. This leads to condi-
tions on the vector fields, which are solved explicitly. Expressions for
preserved differential form equations (Pfaff equations), brackets (sim-
ilar to contact brackets) and tensor modules are written down. The
analogous construction for the contact superalgebra k(1|m) (a.k.a. the
centerless N = m superconformal algebra) is reviewed.
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1 Introduction
The simple Lie algebras of vector fields (v.f.) were classified by Cartan in
1909 [3]. The classification consists of the four infinite series:
vect(n) general v.f. in n dimensions,
svect(n) divergence-free v.f.,
h(n) Hamiltonian v.f (n even),
k(n) contact v.f. (n odd).
The corresponding problem in the super case was only recently settled [5, 8,
13, 17], building on earlier work in [1, 2, 4, 6, 7, 11, 12, 14, 15, 16, 18]. The
classification consists of ten infinite series:
vect(n|m) arbitrary v.f. in n|m dimensions,
svect(n|m) divergence-free v.f.,
h(n|m) Hamiltonian v.f. (n even),
le(n) odd Hamiltonian or Leitesian v.f. ⊂ vect(n|n),
sle(n) divergence free Leitesian v.f.,
k(n|m) contact v.f. (n odd),
ko(n) odd contact v.f. ⊂ vect(n|n+ 1),
skoβ(n) a deformation of div-free odd contact v.f.,
s˜le(n) a deformation of sle(n),
s˜ko(n) a deformation of sko(n).
A geometric way to describe these algebras is by stating what structures
they preserve, or what other conditions the vector fields obey:
Algebra Basis Description/structure preserved
vect(n|m) ui, θa −
svect(n|m) ui, θa vol
h(n|m) ui, θa ωijdu
iduj + gabdθ
adθb
le(n) ui, θi du
idθi
sle(n) ui, θi du
idθi, vol
k(n+ 1|m) t, ui, θa dt+ ωiju
iduj + gabθ
adθb = 0
ko(n) τ, ui, θi dτ + u
idθi + θidu
i = 0
skoβ(n) τ, u
i, θi Mf ∈ ko(n) : divβMf = 0
s˜le(n) ui, θi (1 + θ1..θn)X,X ∈ sle(n)
s˜ko(n) τ, ui, θi (1 + θ1..θn)X,X ∈ skon+2
n
(n)
(1.1)
In this table, ui denotes bosonic variables, θa and θi fermionic variables,
and t (τ) is an extra bosonic (fermionic) variable. The indices range over the
dimensions indicated: i = 1, ..., n and a = 1, ...,m. ωij = −ωji and gab = gba
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are structure constants. The notation α = 0 implies that it is this Pfaff
equation that is preserved, not the form α itself; a vector field X = Xµ(x)∂µ
acts on α as LXα = fXα, fX some polynomial function. vol denotes the
volume form; vector fields preserving vol satisfy divX ≡ (−)Xµ+µ∂µX
µ = 0.
divβMf = 2(−)
f (
∂2f
∂ui∂θi
+
(
ui
∂
∂ui
+ θi
∂
∂θi
− nβ)
∂f
∂τ
)
is a deformed divergence.
In addition, there exist five exceptional algebras, all discovered by Shchep-
ochkina [15, 16, 17]: vas(4|4), ksle(5|10), vle(3|6), mb(3|8), and kas(1|6); the
last case was independently found by Cheng and Kac [4]. Here the numbers
indicate the super-dimension of the space on which the algebras are realized.
In fact, all these algebras except vas(4|4) have several regradings, i.e. they
can be realized on spaces of different super-dimensions. I will always pick
the consistent grading, i.e. the Z-grading where even subspaces are purely
bosonic and odd subspaces purely fermionic.
In the mathematics literature, the exceptional Lie superalgebras are de-
scribed in terms of Cartan prolongation. Unfortunately, this method is
defined recursively in a way which does not exhibit the geometric content.
The purpose of the present paper is to describe the structures preserved by
three of the four consistently graded exceptions. Conversely, knowledge of
these structures gives an intrinsic geometric definition of the algebras them-
selves. I also write down explicit equations satisfied by the vector fields
in these algebras, give general solutions to these equations, explicitly write
down the brackets (analogous to Poisson or contact brackets), and construct
the tensor modules. This is listed as the first open problem in [17]. The
present paper also gives a partial answer to the third item in Kac’ vision list
for the new millenium [9].
Let g ⊂ vect(n|m) be an algebra of polynomial vector fields acting on
Cn|m. It has a Weisfeiler Z-grading of depth d if it can be written as
g = g−d + ...+ g−1 + g0 + g1 + ...,
where the subspace gk consists of vector fields that are homogeneous of
degree k, g0 acts irreducibly on g−1, and g−k = g
k
−1. However, it is not the
usual kind of homogeneity, because we do not assume that all directions are
equivalent. Denote the coordinates of n|m-dimensional superspace by xµ
and let ∂µ be the corresponding derivatives. Then we define the grading by
introducing positive integers zµ such that deg x
µ = zµ and deg ∂µ = −zµ.
The operator which computes the Weisfeiler grading is Z =
∑
µ zµx
µ∂µ,
and gk is the subspace of vector fields X satisfying [Z,X] = kX. If we only
considered g as a graded vector space, we could of course make any choice of
integers zµ, but we also want g to be graded as a Lie algebra: [gi, gj ] = gi+j.
The depth d is identified with the maximal zµ. We write g− = g−d+ ...+g−1
and g+ = g1 + g2 + ...; g− is a nilpotent superalgebra and a g0 module.
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Cartan prolongation is defined as follows:
1. Start with a realization for the non-positive part g0 ⋉ g− of g in n|m-
dimensional superspace.
2. Define gk recursively for positive k as the maximal subspace of vect(n|m)
satisfying [gk, g−1] ⊂ gk−1.
In this paper I will use the following alternative method to construct the
prolong:
1. Again start with a realization for g0 ⋉ g−.
2. Determine the set of structures preserved by this algebra.
3. Define the Cartan prolong g = (g−d, ..., g−1, g0)∗ ≡ (g−, g0)∗, as the
full subalgebra of vect(n|m) preserving the same structures.
Clearly, the set of vector fields that preserve some structures automati-
cally define a subalgebra of vect(n|m), so the problem is to find the right
set. If the conditions imposed are too strong, the solution may be a finite-
dimensional algebra, and if they are too weak, the resulting algebra may
not be simple. In analogy with the known cases listed above, it is natu-
ral to assume that such a structure is either some differential form, or an
equation satisfied by forms (Pfaff equation), or a system of Pfaff equations.
However, although such Pfaff equations can be constructed (and are so in
this paper), it is simpler to consider the set of dual Pfaff equations, which
are of the form D˜a = 0, where D˜a is some vector field in vect(n|m) of de-
gree −1 (necessarily not in g). Denote the space spanned by such D˜a by
g˜−1 ⊂ vect(n|m). We have [Z, D˜
a] = −D˜a and [Da, D˜b] = 0 for all Da ⊂ g−1.
Since g−k = g
k
−1, this implies [g˜−1, g−k] = 0. Moreover, defining g˜−k = g˜
k
−1
and g˜− =
⊕
k g˜−k, we see that [g˜−, g−] = 0, so g− and g˜− form two commut-
ing subalgebras of vect(n|m). At least in all cases considered in this paper,
these two subalgebras are isomorphic nilpotent algebras. Now define the
prolong g = {X ∈ vect(n|m) : [D˜a,X] = fab D˜
b}, for each D˜a ∈ g˜−1, where
fab are some polynomial functions, depending on X.
To see that the second definition implies the first, let D ∈ g−1 and X ∈
gk. Y = [D,X] satisfies [D˜
a, Y ] = [D˜a, [D,X]] = [D, [D˜a,X]] = [D, fab ]D˜
b,
so Y ∈ gk−1 and [g−1, gk] ⊂ gk−1.
Vector fields that preserve the dual Pfaff equation g˜−1 = 0 must also
preserve the higher order equations g˜−2 = 0 and, for mb(3|8), g˜−3 = 0.
This gives rise to further conditions obeyed by the vector fields, but these
additional relations are identities which follow from g˜−1 = 0. A new feature
in the exceptions is the appearance of certain symmetry conditions. These
are genuinely new constraints which have no counterpart in the contact
algebra.
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The algebras under consideration in this paper have the following de-
scription as Cartan prolongs:
ksle(5|10) = (5,5∗∧5∗, sl(5))∗,
vle(3|6) = (3⊠ 1,3∗ ⊠ 2, sl(3)⊕sl(2)⊕gl(1))∗ ,
mb(3|8) = (1⊠ 2,3⊠ 1,3∗ ⊠ 2, sl(3)⊕sl(2)⊕gl(1))∗ ,
kas(1|6) ⊂ k(1|6) = (1,6, so(6)⊕gl(1))∗ .
(1.2)
Here ⊠ denotes the smash product, n is the n-dimensional representation of
sl(n) or so(n) and n∗ its dual. In addition, I apply the same technique to
construct the contact algebras k(1|m) = (1,m, so(m)⊕gl(1))∗. Although the
results for the contact algebras are not new, they are of interest for several
reasons:
1. ksle(5|10), vle(3|6) and mb(3|8) are conceptually similar to k(1|m), al-
beit more complicated, so this is a good place to develop the machinery
necessary for the exceptions.
2. The exception kas(1|6) is a subalgebra of k(1|6), so kas(1|6) satisfies
the conditions described in section 2, together with some additional
relations.
3. k(1|m) is consistently graded. In fact, the only simple Lie superalge-
bras with consistent gradings are k(1|m), ksle(5|10), vle(3|6), mb(3|8)
and kas(1|6) [8]. The present paper thus describes every consistently
graded simple Lie superalgebra, although no significant results are ob-
tained for kas(1|6).
4. For small values of m, the Laurent polynomial version of k(1|m) has
a central extension, known in physics as the N = m superconformal
algebra. The exceptional algebras do not admit central extensions, but
being subalgebras of vect(n|m) they clearly have non-central Virasoro-
like extensions.
For vle(3|6) and mb(3|8), the degree zero subalgebra g0 = sl(3)⊕sl(2)⊕
gl(1), i.e. the non-compact form of the symmetries of the standard model
in particle physics. This suggests that these algebras may have important
applications to physics [9, 10]1. To my knowledge, this is the only place
where the standard model algebra arises naturally and unambigously in a
mathematically deep context. Note that g0 is not just any subalgebra of
g, but that g is completely determined by g0 ⋉ g−. Moreover, there is a
1-1 correspondence between g0 and g irreps. E.g., the vect(n) = (n, gl(n))∗
modules are tensor fields and closed forms, corresponding to gl(n) tensors.
1 Note that the definition of mb(3|8) in [10] is flawed.
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Therefore, one may speculate that a g symmetry may be mistaken experi-
mentally for a g0 symmetry.
Throughout this paper I use tensor calculus notation. Ai denotes a
contravariant vector andBj a covariant vector. Repeated indices, one up and
one down, are implicitly summed over (Einstein convention). Derivatives
are denoted by various types of d’s (d, ∂ and ð). ǫab, ǫijk, ǫijklm and ǫabcdef
denote the totally anti-symmetric constant symbols in C2, C3, C5 and C6,
respectively. When dealing with the non-positive subalgebra g0 ⋉ g−, all
parities are known and it is convenient to explicitly distinguish between
anti-symmetric (straight) and symmetric (curly) brackets: [A,B] = −[B,A]
and {A,B} = {B,A}. For general vector fields X = Xµ(x)∂µ (always
assumed to be homogeneous in parity), the (straight) brackets are graded
in the usual way: [X,Y ] = −(−)XY [Y,X], where the symbol (−)X is +1 on
bosonic components and −1 on fermionic ones. The sign convention is that
X acts as
LX∂ν = −(−)
νX∂νX
µ∂µ,
(1.3)
LXdx
µ = (−)(X+µ+ν)ν∂νX
µdxν .
The exceptional algebras are denoted by their names designed by Shchep-
ochkina [17]. Kac and collaborators instead use the names E(5|10) =
ksle(5|10), E(3|6) = vle(3|6), E(3|8) = mb(3|8), E(1|6) = kas(1|6), and
K(1|m) = k(1|m). There are two reasons to choose Shchepochkina’s con-
vention. She was the one who discovered the exceptions, and Kac’ no-
tation does not exhibit the family structure of regradings. E.g., mb(3|8)
have three regradings (realizations on superspaces of different dimensions):
mb(3|8)(4|5) : 2, mb(3|8)(5|6) : 2, mb(3|8) : 3, where the number after the
colon indicates depth.
2 k(1|m)
Consider C1|m with basis spanned by one even coordinate t and m odd
coordinates θa, a = 1, 2, ...,m. Let deg θa = 1 and deg t = 2. The graded
Heisenberg algebra has the non-zero relations
{da, θb} = δ
a
b , [∂0, t] = 1, (2.1)
where da = ∂/∂θa and ∂0 = ∂/∂t. Introduce an constant metric gab = gba
with inverse gab. The metric and its inverse are used to raise and lower
indices, so θa = gabθb and θa = gabθ
b, etc.
The contact algebra k(1|m) is generated by vector fields of the form
Kf = (2− θad
a)f∂0 + (−)
fdafd
a + ∂0fθad
a, (2.2)
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where f = f(θ, t) is a function on C1|m. These vector fields satisfy the
algebra [Kf ,Kg] = K[f,g]K , where the contact bracket reads
[f, g]K = (2− θad
a)f∂0g − ∂0f(2− θad
a)g + (−)fdafd
ag. (2.3)
By expanding f(θ, t) in a power series in θa we obtain more explicit de-
scriptions of the contact bracket. For small m = 0, 1, 2, 3, 4, the resulting
(Laurent polynomial) algebras are well known in physics, under the names
centerless Virasoro and N = m superconformal algebras, respectively. Note
that (2.3) is well defined also for m ≥ 5.
The non-positive part of k(1|m) ⊂ vect(1|m) is spanned by the vector
fields
deg f vector field
−2 12 E = ∂0
−1 −θa D
a = da − θa∂0
0 −θaθb Jab = θadb − θbda
0 t Z = 2t∂0 + θad
a
(2.4)
The non-zero bracket in g− reads
{Da,Db} = −2gabE. (2.5)
One notes that (2.5) defines a Clifford algebra, with Da playing the role
of gamma matrices and E that of the unit operator. The analogous nilpo-
tent algebras for the exceptions, (4.4), (5.9) and (6.4), constitute interesting
generalizations of Clifford algebras.
A basis for g˜−1 is given by
D˜a = da + θa∂0 = D
a + 2θa∂0. (2.6)
which satisfy
{D˜a, D˜b} = 2gabE,
(2.7)
{Da, D˜b} = 0.
Any vector field in C1|m has the form
X = Q∂0 + Pad
a = Q˜∂0 + PaD˜
a, (2.8)
where
Q˜ = Q+ (−)XθaPa. (2.9)
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X preserves the dual Pfaff equation D˜a = 0, i.e.
[X, D˜a] = −(−)XD˜aPbD˜
b, (2.10)
provided that
D˜aQ˜ = 2(−)XP a. (2.11)
Compatibility between
[E,X] = ∂0Q˜E + ∂0PaD˜
a (2.12)
and (2.7) in the form E = 12gab{D˜
a, D˜b}, implies that
∂0Q˜−
2
m
(−)XD˜aPa = 0. (2.13)
However, this is an identity which follows from (2.11) by considering D˜aD˜
aQ˜,
so no new independent conditions on the vector fields arise.
The pairing 〈D˜a, α〉 = 0 gives
α = dt+ θadθa, (2.14)
or more explicitly α = dt+ gabθadθb. We now show that α satisfies a Pfaff
equation:
LXθa = Pa,
LXt = Q,
(2.15)
LXdθa = (−)
XdbPadθb + ∂0Padt,
LXdt = −(−)
XdbQdθb + ∂0Qdt.
In particular,
Et = 1, Eθa = Edt = Edθa = 0,
Dat = −θa, Dadt = −dθa,
Daθb = δ
a
b , D
adθb = 0,
Jabt = 0, Jabdt = 0,
Jabθc = δ
b
cθ
a − δac θ
b, Jabdθc = δ
b
cdθ
a − δac dθ
b,
Zt = 2t, Zdt = 2dt,
Zθa = θa, Zdθa = dθa.
(2.16)
One checks that
Jabα = Daα = Eα = 0. (2.17)
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Thus the Pfaff equation α = 0 is preserved by g− and g0 and therefore by
all of k(1|m) ⊂ vect(1|m).
An explicit calculation yields
LXα = ∂0Q˜dt+ (−(−)
XdbQ˜+ 2P b)dθb. (2.18)
Since the Pfaff equation α = 0 is preserved, we have LXα = fα = fdt +
fθadθa for f = ∂0Q˜. Substitution into the formula above shows that X
must satisfy (2.11).
More generally, consider C2n+1|m with basis spanned by 2n even coor-
dinates ui, i = 1, 2, ..., 2n, m odd coordinates θa, a = 1, 2, ...,m, and one
additional even coordinate t. Let ωij = −ωji be anti-symmetric structure
constants and let gab = gba, as before. k(2n + 1|m) is the subalgebra of
vect(2n+ 1|m) which preserves the Pfaff equation α = 0, where
α = dt+ ωiju
iduj + gabθadθb. (2.19)
Hence k(1|m) has two natural classes of tensor modules, with bases α
and γa and module action
LXα = ∂0Q˜α,
(2.20)
LXγ
a = −(−)XD˜aPbγ
b.
Assuming that α and γa are fermions, we can now construct the volume
form vγ = ǫa1a2...amγ
a1γa2 ...γam , transforming as
LXvγ = −(−)
XD˜aPavγ . (2.21)
Since α has degree +2 and vγ has degree −m, the form v
2
γα
2 is invariant,
which implies the relation (2.13). For m = 2, the invariant form is the
volume form and (2.13) becomes divX = 0.
From the vector density γa with weight −1 we can construct a vector γ¯a
of zero weight, transforming as
LX γ¯
a = −(−)X(D˜aPb −
1
m
δab D˜
cPc)γ¯
b
(2.22)
= 14D˜bD˜cQ˜(g
acγ¯b − gabγ¯c).
Hence we obtain the explicit realization
LX = X +
1
4D˜aD˜bQ˜J¯
ab + 12∂0Q˜Z¯, (2.23)
where X acts trivially on γ¯a and
J¯abγ¯c = gacγ¯b − gbcγ¯a,
(2.24)
Z¯γ¯c = 0.
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Thus J¯ab and Z¯ generate the Lie algebra g¯0 = so(m)⊕gl(1). However, it is
clear that LX will satisfy the same algebra for every representation of g¯0.
Substitution of irreducible g¯0 modules into (2.23) gives the tensor modules
for k(1|m). In particular, the expressions for g0 becomes LJab = J
ab + J¯ab,
LZ = Z + Z¯, i.e. two commuting copies of g0.
To obtain an explicit expression for the vector fields in k(1|m), we set
Q˜ = f(θ, u), an arbitrary polynomial function. From (2.9) and (2.11) we
obtain P a = 12(−)
XD˜af , and
X = 12Kf = f∂0 +
1
2(−)
f D˜afD˜a. (2.25)
We have [Xf ,Xg] = X[f,g]k , where
[f, g]k = f∂0g − (−)
fgg∂0f +
1
2(−)
f D˜afD˜ag. (2.26)
One checks that this contact bracket is related to (2.3) by [f, g]k =
1
2 [f, g]K .
3 kas(1|6)
k(1|6) contains the exceptional simple subalgebra kas(1|6). Clearly every
vector field in kas(1|6) preserves the Pfaff equation (2.14), but in addition
there is a condition coming from degree +1. The description here closely
follows [5].
Let jab = −θaθb, so Kjab = J
ab generate so(m). We have [jab, θc]K =
gbcθa − gacθb and
[jab, θcθdθe]K = g
bcθaθdθe − gacθbθdθe + 4 cyclic terms. (3.1)
Therefore, ωabc+ = θ
aθbθc + ǫabcdefθdθeθf and ω
abc
− = θ
aθbθc − ǫabcdefθdθeθf
transform independently under so(6); recall that the metric gab is used to
lower indices. Denote the corresponding so(6) modules V+ and V−, respec-
tively, and let M be the so(6) module corresponding to f = tθa. kas(1|6) is
obtained by requiring that g1 = M⊕V+ (or equivalently g1 = M⊕V−). In
contrast, g1 =M⊕V+⊕V− for the contact algebra k(1|6).
The contact vector fields in k(1|m) at degree +1 are
deg f Kf
1 tθa Aa = tθa∂0 − tda + θaθbd
b
1 −θaθbθc Babc = θaθbθc∂0 + θaθbdc + θbθcda + θcθadb
(3.2)
For m = 6, we can define the dual of Babc as
B∗abc = ǫabcdefB
def . (3.3)
kas(1|6) is obtained by requiring that Babc be self-dual, i.e. Babc = B
∗
abc.
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A similar construction can be carried out for m = 4; the correspond-
ing subalgebra of k(1|4) is finite-dimensional [5]. The k(1|2n) subspace gn
contains two subspaces that are isomorphic as so(2n) modules, but it is not
possible to eliminate one of them when 2n > 6.
I have not been able to formulate kas(1|6) as an algebra of vector fields
preserving some Pfaff equation or dual Pfaff equation.
4 ksle(5|10)
Let u = (ui) ∈ C5, ∂i = ∂/∂u
i, i = 1, 2, 3, 4, 5. Let ξ = ξi(u)∂i be a
divergence-free vector field: ∂iξ
i = 0, and let ω = ωij(u)du
i ∧ duj be a
closed two-form: ωji = −ωij and ∂iωjk + ∂jωki + ∂kωij = 0. ksle(5|10) has
generators Lξ = Li(ξ
i) and Gω = G
ij(ωij). The brackets read [5]
[Lξ,Lη] = L[ξ,η] = Lk(ξ
i∂iη
k − ηj∂jξ
k),
[Lξ,Gω] = G
jk(ξi∂iωjk + ∂jξ
iωik + ∂kξ
iωji), (4.1)
{Gω,Gυ} = ǫ
ijklmLm(ωijυkl).
Consider C5|10 with basis spanned by five even coordinates ui, i =
1, 2, 3, 4, 5 and ten odd coordinates θij = −θji. Let deg θij = 1 and deg u
i =
2. The graded Heisenberg algebra has the non-zero relations
[∂j , u
i] = δij , {d
ij , θkl} = δ
i
kδ
j
l − δ
j
kδ
i
l , (4.2)
where ∂i = ∂/∂u
i and dij = −dji = ∂/∂θij . The non-positive part of
ksle(5|10) ⊂ vect(5|10) is spanned by the vector fields
deg vector field
−2 Ek = ∂k
−1 Dkl = dkl − 12ǫ
klmniθmn∂i
0 Ikl = u
k∂l − θljd
kj − 15δ
k
l (u
i∂i − θijd
ij)
(4.3)
Note that Z = 2ui∂i +
1
2θijd
ij , which is the operator that computes the
Weisfeiler grading, is not part of g0. However, for convenience we will also
consider the non-simple algebra ksle(5|10) = (5,5∗∧5∗, gl(5))∗, obtained by
adjoining Z to (4.3). It was shown in [5] that ksle(5|10) = ksle(5|10)⊕CZ.
The non-zero brackets in g− read
{Dij ,Dkl} = −2ǫijklmEm. (4.4)
A basis for g˜−1 is given by
D˜ij = dij + 12ǫ
ijklmθkl∂m = D
ij + ǫijklmθkl∂m, (4.5)
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which satisfy
{D˜ij , D˜kl} = 2ǫijklmEm,
(4.6)
{Dij , D˜kl} = 0.
Any vector field in vect(5|10) has the form
X = Qi∂i +
1
2Pijd
ij = Q˜i∂i +
1
2PijD˜
ij, (4.7)
where the 12 is necessary to avoid double counting and
Q˜i = Qi + 14(−)
XǫijklmθjkPlm. (4.8)
X preserves the dual Pfaff equation D˜ij = 0, i.e.
[X, D˜ij ] = −12(−)
XD˜ijPklD˜
kl, (4.9)
provided that
D˜ijQ˜k = (−)XǫijklmPlm. (4.10)
In particular, we have the symmetry relations
D˜ijQ˜k = D˜jkQ˜i = −D˜ikQ˜j . (4.11)
Compatibility between
[Ei,X] = ∂iQ˜
jEj +
1
2∂iPjkD˜
jk (4.12)
and (4.6) in the form Ei =
1
48ǫijklm{D˜
jk, D˜lm}, implies that
∂iQ˜
j = 16 (−)
X(D˜klPklδ
j
i − 2D˜
jkPik). (4.13)
In particular,
∂iQ˜
i − 12(−)
XD˜ijPij ≡ divX = 0. (4.14)
However, (4.13) is an identity which follows from (4.10) by considering
ǫijklnD˜
ijD˜klQ˜m, so no new independent conditions on the vector fields arise.
The pairing 〈D˜ij , αk〉 = 0 gives
αi = dui + 14ǫ
ijklmθjkdθlm. (4.15)
We now show that αi satisfies a Pfaff equation:
LXθij = Pij ,
LXu
i = Qi,
(4.16)
LXdθij =
1
2(−)
XdklPijdθkl + ∂kPijdu
k,
LXdu
i = −12(−)
XdklQidθkl + ∂kQ
iduk.
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In particular,
Eku
i = δik, Ekdu
i = Ekθij = Ekdθij = 0,
Dklui = −12ǫ
klmniθmn, D
kldui = −12ǫ
klmnidθmn,
Dklθij = δ
k
i δ
l
j − δ
l
iδ
k
j , D
kldθij = 0,
Ikl u
i = δilu
k − 15δ
k
l u
i, Ikl du
i = δildu
k − 15δ
k
l du
i,
Ikl θij = −δ
k
i θlj − δ
k
j θil +
2
5δ
k
l θij, I
k
l dθij = −δ
k
i dθlj − δ
k
j dθil +
2
5δ
k
l dθij ,
Zui = 2ui, Zθij = θij,
Zdui = 2dui, Zdθij = dθij .
(4.17)
One checks that
Ikl α
i = δilα
k − 15δ
k
l α
i,
(4.18)
Dklαi = Ekα
i = 0.
An explicit calculation yields
LXα
i = ∂jQ˜
iduj + (−12(−)
XdnpQ˜i + 12ǫ
ijknpPjk)dθnp. (4.19)
Since the Pfaff equation αi = 0 is preserved, we have LXα
i = f ijα
j =
f ij(du
j+ 14ǫ
jklmnθkldθmn) for f
i
j = ∂jQ˜
i. Substitution into the formula above
yields the condition (4.10).
Hence ksle(5|10) has two natural classes of tensor modules, with bases
αi and γij and module action
LXα
i = ∂jQ˜
iαj ,
(4.20)
LXγ
ij = −12(−)
XD˜ijPklγ
kl.
Assuming that αi and γij are fermions, we can now construct the volume
forms vα = α
1α2α3α4α5 and vγ = γ
12γ13γ14γ15γ23γ24γ25γ34γ35γ45, trans-
forming as
LXvα = ∂iQ˜
ivα,
(4.21)
LXvγ = −
1
2(−)
XD˜ijPijvγ .
Since vα has degree +10 and vγ has degree −10, the form vαvγ is invariant,
which implies the relations (4.14).
From (4.20) we deduce the transformation laws for a scalar density v of
weight +1, an sl(5) vector α¯i and an sl(5) bivector γ¯ij :
LXv =
1
10∂iQ˜
iv = 120 (−)
XD˜ijPijv,
LX α¯
i = 115(δ
i
jD˜
klPkl − 5D˜
ikPjk)α¯
j
(4.22)
= (∂jQ˜
i − 15δ
i
j∂kQ˜
k)α¯j ,
LX γ¯
ij = 120(δ
i
kδ
j
l D˜
mnPmn − 10D˜
ijPkl)γ¯
kl.
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Hence we obtain the explicit realization
LX = X −
1
3(−)
XD˜ikPjk I¯
j
i +
1
20 (−)
XD˜ijPijZ¯
(4.23)
= X + ∂jQ˜
iI¯ji +
1
10∂iQ˜
iZ¯,
where I¯ij and Z¯ generate the Lie algebra g¯0 = gl(5) and X commutes with
g¯0. This expression holds for the non-simple algebra ksle(5|10); for ksle(5|10)
Z¯ = 0. By introducing canonical conjugate oscillators α¯∗i and v
∗, subject
to the Heisenberg algebra [α¯∗i , α¯
j ] = δji , [v
∗, v] = 1, we obtain the explicit
expression for the g¯0 generators: I¯
i
j = α¯
iα¯∗j −
1
5δ
i
jα¯
kα¯∗k and Z¯ = vv
∗. How-
ever, it is clear that LX will satisfy the same algebra for every representation
of gl(5). Substitution of irreducible g¯0 modules into (4.23) gives the ten-
sor modules for ksle(5|10). In particular, the expressions for g0 become
LIij
= Iij + I¯
i
j, LZ = Z + Z¯, i.e. two commuting copies of g0.
To obtain an explicit expression for the vector fields in ksle(5|10), we set
Q˜i = f i(θ, u), five arbitrary polynomial functions. From (4.8) and (4.10) we
obtain Pij =
1
12(−)
XǫijklmD˜
klfm and
X = Uf = f
i∂i +
1
24 (−)
f ǫijklmD˜
ijfkD˜lm, (4.24)
where f = f i(θ, u)∂i is a vector field acting on C
5|10 and (−)f = +1 if f
is an even vector field, i.e. f i is an even function. Due to the symmetry
condition (4.11), the components f i are not independent, but subject to the
relation
D˜ijfk = D˜jkf i = −D˜ikf j, (4.25)
This condition may alternatively be written as 2D˜ijfk = D˜jkf i + D˜kif j.
There is one additional relation, which singles out ksle(5|10) ⊂ ksle(5|10):
∂iQ˜
i = 0⇒ ∂if
i = 0. (4.26)
This extra condition is clearly satisfied by all operators in (4.3), except for
Z.
A ksle(5|10) bracket is defined by [Uf , Ug] = U[f,g]ksle , where
[f, g]ksle = f
i∂ig
j∂j − ∂jf
igj∂i + (−)
fHp
ijk|lmnD˜
ijfkD˜lmgn∂p
−(−)g+fgHp
lmn|ijkD˜
lmgnD˜ijfk∂p, (4.27)
Hp
ijk|lmn =
1
24ǫijklmδ
p
n −
1
288ǫijkqrǫlmnstǫ
qrstp.
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Finally we list the vector fields f and Uf for g0 ⋉ g−:
deg f Uf
−2 ∂i Ei
−1 −ǫijklmθkl∂m D
ij
0 ui∂j −
1
5δ
i
ju
k∂k +
1
2ǫ
iklmnθjkθlm∂n I
i
j
0 2ui∂i Z
(4.28)
Other vector fields f of non-positive degree are not compatible with the
symmetry condition (4.25). Clearly, the vector field corresponding to Uf =
Z does not satisfy (4.26).
5 vle(3|6)
Let u = (ui) ∈ C3, i = 1, 2, 3. Let ξ = ξi(u)∂/∂ui be a vector field, let
X = Xab (u)T
b
a be an sl(2)-valued current, and let ω = ωia(u)du
idza be a
C2-valued one-form. Here T ab ∈ sl(2): [T
a
b , T
c
d ] = δ
c
bT
a
d − δ
a
dT
c
b , and X
a
a = 0.
vle(3|6) has generators Lξ = Li(ξ
i), JX = J
b
a(X
a
b ) and Gω = G
ia(ωia), and
the brackets read [5]
[Lξ,Lη] = L[ξ,η] = Lk(ξ
i∂iη
k − ηj∂jξ
k),
[Lξ,JX ] = JξX = J
b
a (ξ
i∂iX
a
b ),
[JX ,JY ] = J[X,Y ] = J
b
a (Y
a
c X
c
b −X
a
c Y
c
b ),
(5.1)
[Lξ,Gω] = G
ja(ξi∂iωja + ∂jξ
iωia +
1
2∂iξ
iωja),
[JX ,Gω] = G
ia(Xbaωib),
{Gω,Gυ} = ǫ
ijkǫabLk(ωiaυjb) + ǫ
ijkǫacJ ba (∂kωicυjb − ωib∂kυjc).
In this and the next section we use some special relations valid in two
dimensions only:
φa = ǫabφb, φa = ǫabφ
b, (5.2)
ǫabǫbc = δ
a
c , ǫ
abǫcb = −δ
a
c , (5.3)
φaψa = −φaψ
a, (5.4)
ǫabφc + ǫbcφa + ǫcaφb = 0, (5.5)
φaψb − φbψa = −ǫabφcψc. (5.6)
Our convention is ǫ12 = ǫ21 = +1, ǫ
21 = ǫ12 = −1. The constants ǫ
ab and
ǫab can be used to raise and lower sl(2) indices.
Consider C3|6 with basis spanned by three even coordinates ui, i = 1, 2, 3
and six odd coordinates θia. Let deg θia = 1 and degu
i = 2. The graded
Heisenberg algebra has the non-zero relations
[∂j , u
i] = δij , {d
ia, θjb} = δ
i
jδ
a
b , (5.7)
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where ∂i = ∂/∂u
i and dia = ∂/∂θia. The non-positive part of vle(3|6) ⊂
vect(3|6) is spanned by the vector fields
deg vector field
−2 Ei = ∂i
−1 Dia = dia − ǫijkθaj ∂k
0 Ikl = u
k∂l − θlad
ka − 13δ
k
l (u
i∂i − θiad
ia)
0 Jcd = −θidd
ic + 12δ
c
dθiad
ia
0 Z = 2ui∂i + θiad
ia
(5.8)
The non-zero brackets in g− are
{Dia,Djb} = −2ǫijkǫabEk. (5.9)
A basis for g˜−1 is given by
D˜ia = dia + ǫijkθaj ∂k = D
ia + 2ǫijkθaj ∂k, (5.10)
which satisfy
{D˜ia, D˜jb} = 2ǫijkǫabEk,
(5.11)
{Dia, D˜jb} = 0.
Any vector field in vect(3|6) has the form
X = Qi∂i + Piad
ia = Q˜i∂i + PiaD˜
ia, (5.12)
where
Q˜i = Qi − (−)XǫijkθajPka.
(5.13)
X preserves the dual Pfaff equation D˜ia = 0, i.e.
[X, D˜ia] = −(−)XD˜iaPjbD˜
jb, (5.14)
provided that
D˜iaQ˜j = −2(−)XǫijkP ak . (5.15)
In particular, we have the symmetry relations
D˜iaQ˜j = −D˜jaQ˜i. (5.16)
Compatibility between
[Ei,X] = ∂iQ˜
jEj + ∂iPjbD˜
jb (5.17)
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and (5.11) in the form Ei =
1
8ǫijkǫab{D˜
ja, D˜kb}, implies that
∂iQ˜
j = 12 (−)
X(D˜kaPkaδ
j
i − D˜
jaPia). (5.18)
In particular,
∂iQ˜
i − (−)XD˜iaPia ≡ divX = 0. (5.19)
However, (5.18) is an identity which follows from (5.15) by considering
ǫijlǫabD˜
iaD˜jbQ˜k, so no new independent conditions on the vector fields arise.
The pairing 〈D˜ia, αj〉 = 0 gives
αi = dui − ǫijkθaj dθka. (5.20)
We now show that αi satisfies a Pfaff equation:
LXθia = Pia,
LXu
i = Qi,
(5.21)
LXdθia = (−)
XdjbPiadθjb + ∂jPiadu
j ,
LXdu
i = −(−)XdjbQidθjb + ∂jQ
iduj .
In particular,
Eku
i = δik, Ekdu
i = Ekθia = Ekdθia = 0,
Dkcui = −ǫkliθcl , D
kcdui = −ǫklidθcl ,
Dkcθia = δ
k
i δ
c
a, D
kldθia = 0,
Ikl u
i = δilu
k − 13δ
k
l u
i, Ikl du
i = δildu
k − 13δ
k
l du
i,
Ikl θia = −δ
k
i θla +
1
3δ
k
l θia, I
k
l dθia = −δ
k
i dθla +
1
3δ
k
l dθia,
Jcdu
i = 0, Jcddu
i = 0,
Jcdθia = −δ
c
aθid +
1
2δ
c
dθia, J
c
ddθia = −δ
c
adθid +
1
2δ
c
ddθia,
Zui = 2ui, Zdui = 2dui,
Zθia = θia, Zdθia = dθia.
(5.22)
One checks that
Ikl α
i = δilα
k − 13δ
k
l α
i,
Zαi = 2αi, (5.23)
Jab α
i = Dklαi = Ekαi = 0.
An explicit calculation yields
LXα
i = ∂jQ˜
iduj + (−(−)XdlbQ˜i − 2ǫlijP bj )dθlb. (5.24)
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Since the Pfaff equation αi = 0 is preserved, we have LXα
i = f ijα
j =
f ij(du
j − ǫjklθakdθla) for f
i
j = ∂jQ˜
i. Substitution into the formula above
yields the conditions (5.15).
Hence vle(3|6) has two natural classes of tensor modules, with bases αi
and γia and module action
LXα
i = ∂jQ˜
iαj ,
(5.25)
LXγ
ia = −(−)XD˜iaPjbγ
jb.
Assuming that αi and γia are fermions, we can now construct the volume
forms vα = ǫijkα
iαjαk and vγ = ǫijkǫlmnǫadǫbeǫcfγ
iaγjbγkcγldγmeγnf , trans-
forming as
LXvα = ∂iQ˜
ivα,
(5.26)
LXvγ = −(−)
XD˜iaPiavγ .
Since vα has degree +6 and vγ has degree −6, the form vαvγ is invariant,
which implies the relation (5.19).
From (5.26) we deduce the transformation laws for a scalar density v of
weight +1, an sl(3) vector α¯i and an sl(3)⊕sl(2) vector γ¯ia:
LXv =
1
6∂iQ˜
iv = 16 (−)
XD˜iaPiav,
LX α¯
i = 16(−)
X(δijD˜
kaPka − 3D˜
iaPja)α¯
j
(5.27)
= (∂jQ˜
i − 13δ
i
j∂kQ˜
k)α¯j ,
LX γ¯
ia = 16(−)
X(δijδ
a
b D˜
kcPkc − 6D˜
iaPjb)γ¯
jb.
I have not obtained any explicit expression for an sl(2) vector β¯a, but in
view of (5.27) it is natural to assume that it transforms as
LX β¯
a = 16(−)
X(δab D˜
icPic − 2D˜
iaPib)β¯
b. (5.28)
Hence we obtain the explicit realization
LX = X +
1
6(−)
XD˜iaPjb(−3δ
b
aI¯
j
i − 2δ
j
i J¯
b
a + δ
j
i δ
b
aZ¯)
(5.29)
= X + ∂jQ˜
iI¯ji −
1
3(−)
XD˜iaPibJ¯
b
a +
1
6∂iQ˜
iZ¯,
where I¯ij, J¯
a
b and Z¯ generate the Lie algebra g¯0 = sl(3)⊕sl(2)⊕gl(1) and
X commutes with g¯0. Note that the term multiplying J¯
b
a is somewhat un-
certain, since (5.28) is a conjecture. By introducing canonical conjugate
oscillators α¯∗i , β¯
∗
a and v
∗, subject to the Heisenberg algebra [α¯∗i , α¯
j ] = δji ,
[β¯∗a, β¯
b] = δba, [v
∗, v] = 1, we obtain the explicit expression for the g¯0 gener-
ators: I¯ij = α¯
iα¯∗j −
1
3δ
i
jα¯
kα¯∗k, J¯
a
b = β¯
aβ¯∗b −
1
2δ
a
b β¯
cβ¯∗c and Z¯ = vv
∗. However,
it is clear that LX will satisfy the same algebra for every representation of
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sl(3)⊕sl(2)⊕gl(1). Substitution of irreducible g¯0 modules into (5.29) gives
the tensor modules for vle(3|6). In particular, the expressions for g0 become
LIij
= Iij + I¯
i
j, LJab = J
a
b + J¯
a
b and LZ = Z + Z¯, i.e. two commuting copies
of g0.
To obtain an explicit expression for the vector fields in vle(3|6), we set
Q˜i = f i(θ, u), three arbitrary polynomial functions. From (5.13) and (5.15)
we obtain P ai = −
1
4(−)
XǫijkD˜
jafk and
X = Vf = f
i∂i −
1
4 (−)
f ǫijkD˜
i
af
jD˜ka, (5.30)
where f = f i(θ, u)∂i is a vector field acting on C
3|6 and (−)f = +1 if f is an
even vector field, i.e. f i is an even function. Due to the symmetry condition
(5.16), the components f i are not independent, but subject to the relation
D˜iaf j = −D˜jaf i, (5.31)
A vle(3|6) bracket is defined by [Vf , Vg] = V[f,g]vle . We find
[f, g]vle = f
i∂ig
j∂j − (−)
fggj∂jf
i∂i
+(−)fHmik|jlD˜
iafkD˜jag
l∂m − (−)
fg+gHmjl|ikD˜
jaglD˜iaf
k∂m,
Hmik|jl =
1
4ǫikjδ
m
l +
1
16ǫijlδ
m
k +
1
16ǫjklδ
m
i . (5.32)
Finally we list the vector fields f and Vf for g0 ⋉ g−:
deg f Vf
−2 ∂i Ei
−1 −2ǫijkθaj ∂k D
ia
0 ui∂j −
1
3u
k∂kδ
i
j − ǫ
iklθaj θka∂l I
i
j
0 ǫijkθai θjb∂k J
a
b
0 2ui∂i Z
(5.33)
Other vector fields f of non-positive degree are not compatible with the
symmetry condition (5.31).
6 mb(3|8)
Let u = (ui) ∈ C3, i = 1, 2, 3, and let z = (za) ∈ C2, a = 1, 2. Let ξ =
ξi(u)∂/∂ui be a vector field, let X = Xab (u)T
b
a be an sl(2)-valued current,
let ω = ωia(u)∂/du
idza be a C2-valued vector field, and let σ = σa(u)∂/∂za
be a C2-valued function. Here T ab ∈ sl(2): [T
a
b , T
c
d ] = δ
c
bT
a
d − δ
a
dT
c
b , and
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Xaa = 0. mb(3|8) has generators Lξ = Li(ξ
i), JX = J
b
a (X
a
b ), Gω = G
a
i (ω
i
a)
and Sσ = Sa(σ
a). The brackets read [5]
[Lξ,Lη] = L[ξ,η] = Lk(ξ
i∂iη
k − ηj∂jξ
k),
[Lξ,JX ] = JξX = J
b
a (ξ
i∂iX
a
b ),
[JX ,JY ] = J[X,Y ] = J
b
a (Y
a
c X
c
b −X
a
c Y
c
b ),
[Lξ,Gω] = G
a
j (ξ
i∂iω
j
a +
1
2∂iξ
iωja − ∂iξ
jωia),
[Lξ,Sσ] = Sa(ξ
i∂iσ
a + 12∂iξ
iσa), (6.1)
[JX ,Gω] = G
a
i (X
b
aω
i
b),
[JX ,Sσ] = −Sa(X
a
b σ
b),
{Gω,Gυ} = 0,
{Gω,Sσ} = Li(ω
i
aσ
a) + J ba (∂iω
i
bσ
a − ωib∂iσ
a),
{Sσ,Sτ} = ǫ
ijkǫabLk(∂iσ
a∂jτ
b).
Consider C3|8 with basis spanned by three even coordinates ui, i = 1, 2, 3,
six odd coordinates θia, and two more odd coordinates ϑ
a. Let deg θia = 1,
deg ui = 2 and deg ϑa = 3. The graded Heisenberg algebra has the non-zero
relations
{ðb, ϑ
a} = δab , [∂j , u
i] = δij , {d
ia, θjb} = δ
i
jδ
a
b , (6.2)
where ∂i = ∂/∂u
i, dia = ∂/∂θia, and ða = ∂/∂ϑa. The non-positive part of
mb(3|8) ⊂ vect(3|8) is spanned by the vector fields
deg vector field
−3 Fa = ða
−2 Ei = ∂i + θ
a
i ða
−1 Dia = dia + 3ǫijkθaj ∂k + ǫ
ijkθaj θ
b
kðb + u
iða
0 Ikl = u
k∂l − θlad
ka − 13δ
k
l (u
i∂i − θiad
ia)
0 Jcd = ϑ
cðd − θidd
ic − 12δ
c
d(ϑ
aða − θiad
ia)
0 Z = 3ϑaða + 2u
i∂i + θiad
ia
(6.3)
The non-zero brackets in g− are
{Dia,Djb} = 6ǫijkǫabEk,
(6.4)
[Dia, Ej ] = −2δ
i
jF
a.
To verify these brackets one must make use of (5.6), and the Jacobi identity
{{Dia,Djb},Dkc}+ cyclic = 0 requires (5.5).
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A basis for g˜−1 ⊕ g˜−2 is given by
D˜ia = dia − 3ǫijkθaj ∂k + ǫ
ijkθaj θ
b
kðb − u
i
ð
a,
(6.5)
E˜i = ∂i − θ
a
i ða,
which satisfy
{D˜ia, D˜jb} = −6ǫijkǫabE˜k,
[D˜ia, E˜j ] = 2δ
i
jF
a, (6.6)
{Dia, D˜jb} = [Dia, E˜j ] = [D˜
ia, Ej ] = 0.
Any vector field in vect(3|8) has the form
X = Raða +Q
i∂i + Piad
ia = R˜aða + Q˜
iE˜i + PiaD˜
ia, (6.7)
where
Q˜i = Qi + 3(−)XǫijkθajPka,
(6.8)
R˜a = Ra + (−)XθaiQ
i + 2ǫijkθai θ
b
jPkb − u
iP ai .
X preserves the dual Pfaff equation D˜ia = 0, i.e.
[X, D˜ia] = −(−)XD˜iaPjbD˜
jb, (6.9)
provided that
D˜iaQ˜j = 6(−)XǫijkP ak ,
(6.10)
D˜iaR˜b = −2(−)XǫabQ˜i.
In particular, we have the symmetry relations
D˜iaQ˜j = −D˜jaQ˜i, (6.11)
D˜iaR˜b = −D˜ibR˜b.
Compatibility between
[E˜i,X] = (E˜iR˜
a + 2P ai )Fa + E˜iQ˜
jE˜j + E˜iPjbD˜
jb (6.12)
and (6.6) in the form E˜i =
1
24ǫijkǫab{D˜
ja, D˜kb}, implies that
E˜iR˜
a = −2P ai ,
(6.13)
E˜iQ˜
j = 12(−)
X(D˜kaPkaδ
j
i − D˜
jaPia).
In particular,
E˜iQ˜
i = (−)XD˜iaPia. (6.14)
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Hence (6.12) can be written as
[E˜i,X] =
1
2(−)
X(D˜jaPjaE˜i − D˜
jaPiaE˜j) + E˜iPjbD˜
jb. (6.15)
However, (6.13) are identities which follow from (6.10) by considering
ǫijlǫabD˜
iaD˜jbQ˜k and ǫijkǫabD˜
iaD˜jbR˜c, so no new independent conditions on
the vector fields arise.
Since mb(3|8) is of depth 3, there are further relations. Compatibility
between
[Fa,X] = ðaR˜
bFb + ðaQ˜
jE˜j + ðaPjbD˜
jb (6.16)
and (6.6) in the form F a = 16 [D˜
ia, E˜i] leads to
6ðaQ˜
i = 6(−)XǫijkE˜jPka + D˜
j
aE˜jQ˜
i,
(6.17)
3ðbR˜
a = (−)Xδab E˜iQ˜
i − D˜ibP
a
i .
In view of (6.14), this means in particular
(−)XðaR˜
a = E˜iQ˜
i = (−)XD˜iaPia. (6.18)
Also (6.17) are identities which follow from (6.6), (6.10) and (6.13), so no
further independent conditions on the vector fields arise.
The pairings 〈D˜ia, αj〉 = 〈D˜ia, βb〉 = 0 give
αi = dui + 3ǫijkθaj dθka,
(6.19)
βa = dϑa − uidθai + θ
a
i du
i + 2ǫijkθai θ
b
jdθkb.
We now show that αi and βa satisfy Pfaff equations:
LXθia = Pia,
LXu
i = Qi,
LXϑ
a = Ra,
(6.20)
LXdθia = (−)
XdjbPiadθjb + ∂jPiadu
j + (−)XðbPiadϑ
b,
LXdu
i = −(−)XdjbQidθjb + ∂jQ
iduj − (−)XðbQ
idϑb
LXdϑ
a = (−)XdjbRadθjb + ∂jR
aduj + (−)XðbR
adϑb.
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In particular,
Fcϑ
a = δac , Fcdϑ
a = 0,
Fcθia = Fcdθia = 0, Fcu
i = Fcdu
i = 0,
Ekϑ
a = θak, Ekdϑ
a = dθak,
Eku
i = δik, Ekdu
i = 0,
Ekθia = 0, Ekdθia = 0,
Dkcϑa = ǫkijθci θ
a
j + ǫ
cauk, Dkcdϑa = ǫkij(θai dθ
c
j + θ
c
idθ
a
j ) + ǫ
caduk,
Dkcui = 3ǫiklθcl , D
kcdui = 3ǫikldθcl ,
Dkcθia = δ
k
i δ
c
a, D
kcdθia = 0,
Ikl ϑ
a = 0, Ikl dϑ
a = 0,
Ikl u
i = δilu
k − 13δ
k
l u
i, Ikl du
i = δildu
k − 13δ
k
l du
i,
Ikl θia = −δ
k
i θla +
1
3δ
k
l θia, I
k
l dθia = −δ
k
i dθla +
1
3δ
k
l dθia,
Jcdϑ
a = δadϑ
c − 12δ
c
dϑ
a, Jcddϑ
a = δaddϑ
c − 12δ
c
ddϑ
a,
Jcdu
i = 0, Jcddu
i = 0,
Jcdθia = −δ
c
aθid +
1
2δ
c
dθia, J
c
ddθia = −δ
c
adθid +
1
2δ
c
ddθia,
Zϑa = 3ϑa, Zdϑa = 3dϑa,
Zui = 2ui, Zdui = 2dui,
Zθia = θia, Zdθia = dθia.
(6.21)
One checks that
Ikl α
i = δilα
k − 13δ
k
l α
i, Ikl β
a = 0,
Jcdα
i = 0, Jcdβ
a = δadβ
c − 12δ
c
dβ
a,
Zαi = 2αi, Zβa = 3βa,
Dkcαi = Ekα
i = Fcα
i = 0, Dkcβa = Ekβ
a = Fcβ
a = 0.
(6.22)
Thus the systems of Pfaff equations βa = 0 and αi = βa = 0 are preserved
by g− and g0 and therefore by all of mb(3|8). A long calculation gives
LXα
i = E˜jQ˜
iαj − (−)XðaQ˜
iβa,
(6.23)
LXβ
a = (−)XðbR˜
aβb,
provided that the conditions (6.10) and (6.13) hold.
Hence mb(3|8) has three natural classes of tensor modules, with bases
23
αi, βa and γia, and module action
LXα
i = E˜jQ˜
iαj − (−)XðaQ˜
iβa,
LXβ
a = (−)XðbR˜
aβb, (6.24)
LXγ
ia = −(−)XD˜iaPjbγ
jb.
One notes that the homogeneous part of the first equation must define a
module action by itself, since βa transforms homogeneously. Hence we set
LXα
i = E˜jQ˜
iαj . (6.25)
Let us assume that αi and βa are fermionic. The volume forms vα = α
1α2α3,
vβ = β
1β2 and vγ = γ
11γ12γ21γ22γ31γ32 transform as
LXvα = E˜iQ˜
ivα,
LXvβ = (−)
X
ðaR˜
avβ , (6.26)
LXvγ = −(−)
XD˜iaPiavγ .
Since vα and vβ have degree +6 each, and vγ has degree −6, the forms vαvγ
and vβvγ are invariant, which implies the relations (6.18).
From (6.24) we deduce the transformation laws for a scalar density v of
weight +1, an sl(3) vector α¯i, an sl(2) vector β¯a, and an sl(3)⊕sl(2) vector
γ¯ia:
LXv =
1
6∂iQ˜
iv = 16 (−)
XD˜iaPiav,
LX α¯
i = 16(−)
X(δijD˜
kaPka − 3D˜
iaPja)α¯
j
= (E˜jQ˜
i − 13δ
i
jE˜kQ˜
k)α¯j ,
(6.27)
LX β¯
a = 16(−)
X(δab D˜
icPic − 2D˜
iaPib)β¯
b
= (−)X(ðbR˜
a − 12δ
a
bðcR˜
c)β¯b,
LX γ¯
ia = 16(−)
X(δijδ
a
b D˜
kcPkc − 6D˜
iaPjb)γ¯
jb.
Hence we obtain the explicit realization
LX = X +
1
6(−)
XD˜iaPjb(−3δ
b
aI¯
j
i − 2δ
j
i J¯
b
a + δ
j
i δ
b
aZ¯)
(6.28)
= X + E˜jQ˜
iI¯ji + (−)
X
ðbR˜
aJ¯ba +
1
6E˜iQ˜
iZ¯,
where I¯ij , J¯
a
b and Z¯ generate the Lie algebra g¯0 = sl(3)⊕sl(2)⊕gl(1) and X
commutes with g¯0. By introducing canonical conjugate oscillators α¯
∗
i , β¯
∗
a and
v∗, subject to the Heisenberg algebra [α¯∗i , α¯
j ] = δji , [β¯
∗
a, β¯
b] = δba, [v
∗, v] = 1,
we obtain the explicit expression for the g¯0 generators: I¯
i
j = α¯
iα¯∗j−
1
3δ
i
jα¯
kα¯∗k,
J¯ab = β¯
aβ¯∗b −
1
2δ
a
b β¯
cβ¯∗c and Z¯ = vv
∗. However, it is clear that LX will satisfy
the same algebra for every representation of sl(3)⊕sl(2)⊕gl(1). Substitution
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of irreducible g¯0 modules into (6.28) gives the tensor modules for mb(3|8).
In particular, the expressions for g0 become LIi
j
= Iij + I¯
i
j, LJab = J
a
b + J¯
a
b
and LZ = Z + Z¯, i.e. two commuting copies of g0.
To obtain an explicit expression for the vector fields in mb(3|8), we set
R˜a = fa(θ, u, ϑ), two arbitrary polynomial functions. From (6.8) and (6.10)
we obtain
Q˜i = 14 (−)
XD˜iafa,
(6.29)
P ai =
1
48ǫijkD˜
jaD˜kbfb,
i.e.
X ≡ Mf = f
a
ða +
1
4 (−)
fD˜iafaE˜i +
1
48ǫijkD˜
i
aD˜
jbfbD˜
ka, (6.30)
where f = fa(θ, u, ϑ)ða is a vector field acting on C
3|8 and (−)f = +1 if
f is an even vector field, i.e. fa is an odd function. Due to the symmetry
condition (6.11), the components fa are not independent, but subject to the
relations
D˜iaf b = −D˜ibfa,
(6.31)
D˜iaD˜jbfb = −D˜
jaD˜ibfb.
mb(3|8) contains an vle(3|6) subalgebra. We see from (6.23) that if
ðbQ˜
a = 0, then the Pfaff equation αi = 0 is preserved, not just the combined
Pfaff equations αi = βa = 0. This condition defines a subalgebra since ad-
ditional structure is preserved. Q˜i and Pia can now be expressed in terms
of three ϑ-independent functions
f i(θ, u) = 14(−)
XD˜iafa(θ, u, ϑ), (6.32)
as Q˜i = f i and P ai =
1
48ǫijkD˜
jafk. It is clear from (6.7) that when Q˜i and
Pia do not depend on ϑ, the bracket between two vector fields is completely
determined by the part X ′ = Q˜i∂i + PiaD˜
ia, and hence the subalgebra is
vle(3|6). Note that fa still depends on ϑ, in the way specified by (6.32).
An mb(3|8) bracket is defined by [Mf ,Mg] =M[f,g]mb . We find
[f, g]mb = f
a∂ag
b
ðb − (−)
fggb∂bf
a
ða
+14(−)
fD˜iafaE˜ig
b
ðb −
1
4(−)
fg+gD˜jbgbE˜jf
a
ða
+ǫikjH
e
abdD˜
iaD˜kcfcD˜
jbgdðe (6.33)
−(−)fgǫjliH
e
badD˜
jbD˜lcgcD˜
iafdðe,
Heabd = −
1
48ǫabδ
d
e −
1
96ǫbdδ
e
a.
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Finally we list some of the vector fields f and Mf for g0 ⋉ g−:
deg f Mf
−3 ða Fa
−2 2θai ða Ei
−1 2uiða + 6ǫijkθaj θ
b
kðb D
ia
0 3ϑaða + u
iθai ða Z
(6.34)
To compute the vector fields f which correspond to Iij and J
a
b is quite tedious
and has not been attempted. However, since ǫijkθaj θka ≡ 0 it is clear that
Mf = I
i
j for f some linear combination of u
iθaj ða and ǫ
iklθaj θkaθ
b
l ðb, and
Mf = J
a
b for f some linear combination of ϑ
aðb, u
iθai ðb and ǫ
ijkθai θbjθ
c
kðc; the
right combinations are found by demanding that the symmetry conditions
(6.31) hold. Other vector fields of non-positive degree are not compatible
with (6.31).
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